We show that semiconductor Fano lasers strongly suppress dynamic instabilities induced by external optical feedback. A comparison with conventional Fabry-Perot lasers shows orders of magnitude improvement in feedback stability, and in many cases even total suppression of coherence collapse, due to a unique reduction of the characteristic relaxation oscillation frequency. The laser dynamics are analysed using a generalisation of the Lang-Kobayashi model for semiconductor lasers with external feedback, and an analytical expression for the critical feedback level is derived.
Semiconductor lasers with external optical feedback have been extensively studied for many years due to their rich physics and non-linear dynamics, as well as the serious issue of instabilities, chaos and coherence collapse arising from even extremely weak feedback [1] [2] [3] [4] [5] . The inherent sensitivity of these lasers towards external feedback, as well as the nature of the non-linear dynamics, remain open problems under study [6] [7] [8] [9] [10] , and the instabilities are a particularly relevant issue in on-chip applications, due to the absence of integrated optical isolators. This has led to a number of novel solution proposals, e.g. isolators based on topological photonics [11, 12] , reduction of the alpha-factor [8, 13] , increased damping [8] , and highly complicated laser geometries [10] . Here we show that a simple laser geometry in which one mirror is realised by a Fano resonance, providing a so-called Fano laser (FL) [14, 15] , is intrinsically exceedingly stable towards external optical feedback, in some cases entirely suppressing coherence collapse. The origin of the strongly enhanced stability is identified as a unique reduction of the relaxation oscillation (RO) frequency, and it is shown how the Fano laser outperforms lasers with conventional, non-dispersive mirrors by orders of magnitude in terms of feedback stability. The Fano laser is analysed using a generalisation of the traditional LangKobayashi model for semiconductor lasers with external optical feedback. Figure 1 shows schematic representations of the Fano laser and the conventional Fabry-Perot (FP) laser, and their corresponding phase diagrams. The FL consists of a waveguide terminated at one end, which is side-coupled to a nearby cavity, from whence the Fano interference between the continuum of waveguide modes and the discrete nanocavity mode leads to a narrowband reflection peak [16, 17] with bandwidth inversely proportional to the quality factor of the nanocavity. This realises a type of bound-mode-in-continuum [18] , which functions as a cavity mode. This configuration was experimentally realised in a photonic crystal platform [15] , showing remarkable properties including pinned single-mode lasing and the first case of self-pulsing in a microscopic laser [15, 19] , and it has also been suggested that the frequency modulation bandwidth of this laser may be orders of magnitude larger than conventional lasers [20] . The photonic crystal platform itself has also provided numerous promising microscopic lasers for the photonic integrated circuits of the future [21] [22] [23] .
Figures 1(b) and (d) show the calculated relative intensity noise (RIN) as a function of the external reflectivity, |r 3 | 2 , and the distance to the external mirror, L D , for both a conventional Fabry-Perot laser (top) and a Fano laser (bottom). The Fabry-Perot laser is described using the conventional Lang-Kobayashi model [1] , while the Fano laser is modelled using a generalised version of the Lang-Kobayashi model, to be presented later. The RIN is defined as RIN = δP (t) 2 / P (t) 2 , where δP (t) 2 is the variance and P (t) the mean of the time-domain output power. This provides a convenient quantitative measure of the laser stability, with low RIN (blue) indicating stable continuous-wave (CW) states, and high RIN (yellow) corresponding to self-sustained oscillations, chaotic dynamics and coherence collapse. Despite the intricacies of these phase diagrams, the main point is clear:
The Fano laser provides an extraordinary improvement in feedback stability, as can be seen simply by comparing the sizes of the blue and yellow regions in figure 1 . The critical feedback level, at which the laser is stable irrespective of the distance to the external reflector, is seen to be three orders of magnitude larger for the Fano laser compared to conventional lasers. Additionally, the Fano laser is essentially immune to feedback when the length scale reaches on-chip dimensions (L D 1 mm), whereas this does not happen until L D 100 µm for the Fabry-Perot laser. Furthermore, for certain ranges of delay lengths instabilities, chaos and coherence collapse are completely suppressed for any feedback level for the Fano laser. Finally, certain values of the delay length yield unique behaviour, where the FL goes from stable CW operation to different limit cycles as the feedback is increased, but returns to CW before reaching a truly chaotic state, so that coherence collapse is suppressed and the conventional regime I to regime V classification of semiconductor lasers with optical feedback [5, 24] does not apply. The underlying dynamics of figure 1 can be investigated using bifurcation diagrams, generated by sweeping the external reflectivity and recording all local extrema in the temporal power output. Sweeping along the horizontal red lines in figure 1 yields the bifurcation diagrams in figure 2 , directly demonstrating the dramatic difference between the conventional laser and the Fano laser. Here a single-valued power corresponds to a CW state, while multiple distinct values correspond to periodic orbits of order n, where n is the number of distinct power values. The eventual total smearing out of values observed for the FP laser for increasing reflectivity corresponds to the transition to chaotic oscillations and coherence collapse. Figure 2 clearly illustrates the qualitative difference between FP lasers and the FL. Here, the first instability is for both lasers related to a Hopf bifurcation, where relaxation oscillations become un-damped [3, 5] , leading to the characteristic branching shape in the bifurcation diagram. Note that for the FP laser this occurs in the range −60 to −50 dB, which is lower than typical values around −40 dB [4, 5] . This is because we study microscopic lasers here, where the shorter cavity length ( 5 µm) decreases the critical feedback level [5, 25] , making feedback-induced instabilities even more problematic than for conventional lasers. From the first bifurcation, however, the FL provides highly distinct dynamics. The FP laser generally transitions first into a regime of true chaotic oscillations, and then, as the feedback level is increased, enters a regime of quasiperiodic states similar to the regular pulse packages observed in Ref. 26 , for short delay lengths, as indicated by the labels in figure 2. The dynamics are highly complicated due to the interplay between RO instabilities and hopping between external cavity modes, and vary in particular with the delay length [5] . For the Fano laser, however, the coherence collapse is in many cases completely suppressed. Some parameter combinations even yield large ranges of stable CW operation after the onset of the first instability, e.g. for L D = 4.3 mm, without ever permitting coherence collapse, as in figure 2(b) . Here the FL undergoes a period-doubling route towards chaos, but returns to a stable CW state before experiencing coherence collapse. This is in stark contrast to the well-known classification of operation regimes in conventional lasers with feedback, where the stabilisation (regime V) follows after coherence collapse (regime IV) [24] , and tends to follow this route where coherence collapse is not omitted [5] .
The phase and bifurcation diagrams for the FabryPerot laser are generated using the conventional LangKobayashi model for semiconductor lasers with external feedback [1] . This model has proven to work well for both Fabry-Perot and distributed feedback lasers, as well as VCSELs [5] , but in order to describe the Fano laser a generalisation is necessary. The generalisation consists of coupling the Lang-Kobayashi model to a dynamical equation for the field stored in the nanocavity [14, 19] , in order to temporally resolve the Fano interference. This approach is also of interest for studying other coupled systems with complicated external feedback arrangements due to the general nature of the formulation. Since the output power is mainly coupled out through the crossport [14] , the feedback is assumed to originate in this port, as illustrated in figure 1(c). This leads to the following model equations:
Here A + (t) is the envelope of the complex electric field in the laser cavity, N (t) is the carrier density in the active region, α is the linewidth enhancement factor, Γ is the field confinement factor, v g is the group velocity, g(N ) = g N (N − N 0 ) is the gain, with g N being the differential gain and N 0 the transparency carrier density, τ p is the photon lifetime, τ in = v g /(2L) is the laser cavity roundtrip time, with v g being the group velocity and L the cavity length, F L (t) is a complex Langevin noise source, R p is the pump rate, τ s is a characteristic carrier lifetime, and N p is the photon density, which is related to
where V p is the photon volume and σ s is a parameter given in Ref. 27 . Finally, A(t, τ D ) is related to the reflected external field, and differs for the FP laser and the FL: Lang-Kobayashi:
Fano Lang-Kobayashi:
Here κ = (1 − |r 2 | 2 )r 3 /|r 2 | is the conventional definition of the external feedback coefficient [4] , with r 2 and r 3 being the laser cavity and external mirror amplitude reflectivities respectively, while τ D is the delay time of the external feedback and ω is the laser oscillation frequency. A c (t, τ D ) is the field stored in the nanocavity, γ c is the field coupling rate from the waveguide to the nanocavity, δ c = ω c − ω is the detuning of the resonance frequency of the nanocavity (ω c ) from the laser frequency, γ T is the total decay rate of the nanocavity field, and γ cp is the field coupling rate from the nanocavity into the cross-port. For the FP laser, the external feedback enters directly into equation (1) [27] , while for the FL it couples to equation (1) through the nanocavity field, A c (t, τ D ). This field is the solution to the conventional coupled-mode theory equation [16] , but extended to selfconsistently include the external feedback in equation (5) . Since the active region is confined to the laser cavity, F L (t) is only present in equation (1) . As a validation of this modelling approach, it is straight-forward to show that in the limit where the Fano mirror bandwidth is very large and the nanocavity field can be adiabatically eliminated, this formulation correctly reduces to the conventional form of the Lang-Kobayashi model. In order to reduce computational demands, we have developed a highly efficient iterative formulation of this model, which is presented in the supplementary information. The following parameter values are used throughout, unless otherwise specified:
, and R P = 1.5R P,th , i.e. 1.5 times the threshold pump rate. The volume is V = LA, where L = 4.88µm, A = 0.20µm 2 . For a total quality factor of 750, the corresponding quality factors are Q c = 780, Q v = 10 5 , Q p = 1.5 × 10 4 , and the decay rates are related to the quality factors as
We next turn to the physics responsible for the improved feedback stability of the Fano laser. The effect of the Fano mirror bandwidth is investigated in figure  3(a) , showing the variation of the RIN with external reflectivity, |r 3 | 2 , for a Fabry-Perot laser (circles) and Fano lasers with increasing values of the nanocavity Q-factor (squares, triangles, stars). Here τ D = 1 ns and the parameters are otherwise identical, including laser mirror reflectivities. The four curves show the same qualitative shape, reflecting the phase diagrams of figure 1. The crucial difference between the curves, however, is the external feedback level at which the onset of instability occurs, which varies by orders of magnitude. It is evident how for low Q (corresponding to a broad Fano mirror bandwidth, approaching the FP laser limit [28] ), the Fano laser RIN curve is close to the Fabry-Perot laser curve, as expected. The critical feedback level, at which the onset of instability occurs, then increases dramatically with the increase in quality factor, as shown explicitly in figure 3(b) . From a stability analysis one finds that in the short-cavity limit (Q T /ω τ in ) the Fano laser critical external reflectivity is given by
where γ F L is the Fano laser RO damping rate. This expression is plotted as the black line in figure 3(b) , showing excellent agreement with the numerical results (red circles). Equation (6) is identical to that of Fabry-Perot lasers [25] , except that the laser roundtrip time is replaced by 2Q T /ω, i.e. the storage time of the energy in the nanocavity. In this context it is important to emphasise that the quality factor is a parameter that can be tuned significantly by modifications to the geometry, in particular when working with the photonic crystal platform. However, even for initial designs where the quality factors were estimated at ≈ 750 [15] , the FL is seen to be remarkably stable. Based on these observations, the extraordinary feedback stability of the Fano laser is attributed to the narrow linewidth of the Fano mirror and, in particular, the corresponding energy-storing capability of the nanocavity, which adds an additional energy reservoir to the system. Since the nanocavity is passive, this directly reduces the interaction between the carriers and photons in the laser cavity, which leads to an extreme reduction in the RO frequency. Since the dynamic instabilities are driven by relaxation oscillations enhanced by the external field, a low RO frequency with a large damping rate leads to only few oscillation periods before the perturbation dies out, thereby drastically improving the stability toward external feedback. Figure 4 shows the calculated reduction of the RO frequency (left axis) with the Q-factor of the nanocavity, and demonstrates that it scales inversely with the energy stored in the nanocavity (right axis). The simulated result agrees well with the following analytical expression, derived using a small-signal analysis of the feedback-free FL equations:
Here ω R is the corresponding RO frequency for a FabryPerot laser with the same parameters [29] . As additional energy is stored in the nanocavity due to increasing Qfactor, the RO frequency decreases until eventually the laser enters an over-damped regime, where the damping rate exceeds the RO frequency. The complete overdamping occurs around Q T ≈ 3500, as shown in figure 4. This agrees with equation (7), showing how the RO actually vanish completely as the Q-factor increases. The absence of relaxation oscillations can be interpreted as a transition of the FL from a class B laser towards a class A laser [30] without relaxation oscillations by increasing the effective photon lifetime. This leads to novel behaviour for a semiconductor laser, and the much increased feedback stability that is expected with this transition [31] . As such, chaos is intrinsically suppressed by an effective reduction of the dimensionality of the system as the quality factor increases. The connection to equation (6) is FIG. 4 . Fano laser relaxation oscillation angular frequency (full black, left axis) and damping rate (dashed black, left axis), and ratio of energy stored in the nanocavity relative to the laser cavity (blue, right axis), all as function of the total quality factor.
clear, since in the short cavity limit the ratio between the Fabry-Perot and Fano laser critical feedback levels is exactly equal to ω Here, one should appreciate the fundamental difference between Fano and FP lasers. For FP lasers the critical feedback level is determined exclusively by the damping rate [5] , as exemplified by stability improvements due to a short carrier lifetime due to growth defects in Ref. 8 . From the dashed black line in figure 4 it is clear that the damping rate of relaxation oscillations in the Fano laser changes only marginally with the quality factor (a few % at most), which stems from a weak filtering effect of the narrow Fano mirror on the frequency components generated near the RO frequency. Thus, it is clear that the relation between the damping rate and RO frequency in Fano lasers is fundamentally different from that of conventional FP lasers. This is the case since the RO frequency can change dramatically without significant changes to the damping rate, by storing part of the laser field in the nanocavity. In contrast, for FP lasers, the damping rate increases approximately with the square of the RO frequency [29] , and thus it follows that the mechanism of improved feedback stability in Fano lasers is fundamentally different.
The multi-mode properties of Fano lasers in the presence of feedback also differ fundamentally from conventional semiconductor lasers. It is well-known that the number of external cavity modes in conventional lasers depends on the parameter C = κ(τ D /τ in ) √ 1 + α 2 [5] . For C 1 the number of modes is approximately given by C/π + 1 [4] . For Fano lasers the number of external cavity modes is strongly reduced due to the narrow bandwidth of the Fano mirror, which significantly increases the threshold gain of modes that are separated in frequency by more than 1/γ T . In this case an effective C-parameter for the Fano laser may be estimated as
where κ F L = r 3 (1 − |r 2 |) = r 3 γ cp /γ T acts as an effective feedback parameter for the Fano laser. Here we see once again how a high quality factor increases the intrinsic stability of the laser, this time through the narrow linewidth of the Fano mirror suppressing other modes. We note also the usual α-dependence [5] , which shows how the stability can be improved by reducing α as demonstrated in Ref. 8 , but emphasise the intrinsically distinct mechanism of external cavity mode suppression by the narrow mirror linewidth contained in the Q-factor dependence. The selection of a single dominant external cavity mode in Fano lasers is also important for the appearance of the stability diagrams in figure 1 . The suppression of the mode-jumping seen in conventional lasers [32] thus means that in Fano lasers oscillation can be maintained in a stable mode despite a significant increase in the feedback strength, explaining the deep regions of unconditional stability seen in figure 1 (d) . Such regions are not possible in conventional lasers due to mode-jumping to a neighbouring unstable mode.
In conclusion, it has been shown how semiconductor Fano lasers intrinsically suppress dynamic instabilities induced by exposure to external optical feedback. A generalisation of the Lang-Kobayashi model was employed to study the laser dynamics. Using this, the feedback stability was analytically and numerically shown to scale with the quality factor of the nanocavity, due to a unique reduction of the relaxation oscillation frequency, as well as large gain separation of external cavity modes due to the highly dispersive Fano mirror. For realistic designs the Fano laser outperforms conventional Fabry-Perot lasers by orders of magnitude in terms of the critical external feedback level. In many cases, coherence collapse is even entirely suppressed, in contrast to the conventional classification of semiconductor lasers with feedback, demonstrating fundamentally new and different underlying dynamics arising from the Fano mirror. This supplementary outlines the computational method used to generate the numerical results presented in the main paper, and shows background information for figures 2, 3 and 4 of the main text. This includes trajectories corresponding to the labels in figure 2 , as well as a demonstration of the Fano mirror dependence of the Q-factor, and how this affects the damping rate.
COMPUTATIONAL MODEL
As mentioned in the main text, the phase and bifurcation diagrams for the Fabry-Perot laser are generated using the conventional Lang-Kobayashi (LK) model for semiconductor lasers with external feedback [1] , while the Fano laser diagrams are computed using a generalised version of the LK model. The LK model has proven to work well for both Fabry-Perot and distributed feedback lasers, as well as VCSELs [2] , but in order to describe the Fano laser a generalisation is necessary. The generalisation consists of coupling the conventional LK model to a dynamical equation for the field stored in the nanocavity, in order to temporally resolve the Fano interference, as in the previously developed FL model [3] [4] [5] . As shown in [3] the ratio of power between the upper (denoted crossport) and lower (denoted through-port) output port is generally large when operating near resonance ( 10), meaning that the useful output will be in this channel. Based on this, we assume that the external feedback originates in this port, which, when combined with assuming weak external feedback (|r 3 | 1), leads to the model equations (1) − (5) given in the main text. In order to reduce computational demands, we have developed a highly efficient iterative formulation of this model, which is presented here in the supplementary. The version of the LK-model in the main text is derived using a first-order expansion of the steady-state oscillation condition as explained in [6] . In short, one writes up a field equation at a reference plane next to the right mirror of the laser cavity, e.g.
where r LS = r L (ω s , N s ) is the effective left-mirror reflectivity, which includes the roundtrip gain and phase of the entire cavity and E ± (z 0 ) represent the right(+) and left(-) propagating field amplitudes at the reference plane (z = z 0 ), while F noise (ω) accounts for spontaneous emission throughout the cavity. The steady-state solutions (ω s , N s ) are found by solving the oscillation condition
where r R (ω s ) is an effective right mirror reflectivity including also reflections from the external mirror. The effective left reflectivity r LS is given by
where r 1 is the left mirror amplitude reflectivity, L is the cavity length and k(ω s , N s ) is the complex wavenumber accounting for roundtrip gain/loss and phase. To obtain the differential equation form of Eq. (1) in the main text, equation (1) 
Here A − (t, τ D ) represents the left-propagating field at the reference plane, τ in is the L-cavity roundtrip time, and G = Γv g g N , so that the exponential represents the deviation from the expansion point of the roundtrip gain and phase. For the conventional laser, we have simply that
so that the evolution equation becomes
as given in [7] . This practical form allows for iterative stepping through the temporal evolution of the field envelope with resolution given by the round-trip time. Since the laser cavity lengths studied here are so short (few microns), this yields a temporal resolution of ≈ 100 fs, which is sufficient to study even very short external cavities (τ D 1 ps, on-chip ). The Langevin noise source is generated as described in [7] , with the interpretation that τ in F L (t) corresponds to the integrated contribution from a single time step τ in . This approximation is valid when there are many spontaneous emission events in a single time step, i.e. R sp τ in 1. For the Fano laser, the same approach is adopted, except that the left-propagating field is now the field back-coupled from the nanocavity, so that the evolution equation takes the form
where A c (t, τ D ) is the solution to equation Eq. (5) in the main text. The differential equation for the carrier density can also be put on a similar iterative form by utilising a first-order expansion:
with dN dt given by Eq. (2) of the main text. This is a reasonable approximation, since the assumption here is that the carrier density is slowly varying on the scale of the round-trip time (≈ 100 fs). The final task is to deal with the form of Eq. (5) in the main text. Since the carrier density and L-cavity field vary with the temporal resolution τ in , they may be taken as constant parameters from time t to t + τ in , which then permits an analytical solution of Eq. (5) in the main text, which can be timestepped in a straight-forward manner:
Note here that in the limit γ T τ in 1 this is equivalent to using
as was utilised for the carrier density, and that for the combinations of Q and L studied here this is in practice always fulfilled. Thus, equation (6) and (8) constitute the evolution equations for the FP laser. The carrier density and field amplitude corresponding to the minimum linewidth mode are used as initial conditions, in order to accurately portray the relevant physical system. These values are determined as described in [9] . For the Fano laser, the evolution equations are equation (7), (8) , and (9) . The simulation time is set to 500 ns to ensure that long-term behaviour is accurately captured, avoiding the impact of slow transients. is calculated as [10] P x = 2 0 ngcγ cp |A c | 2 (11) Fig. 1 shows a collection of time traces. This includes a period-one (P 1 ) orbit, i.e. a periodic trajectory with a single radiofrequency component, as well as a periodthree (P 3 ) orbit from the FL bifurcation diagram, a chaotic orbit and an example of behaviour similar to the rapid pulse packages (RPP) observed in Ref. 11 , both from the FP laser. Note the regularly spaced pulses in the last trajectory, which are separated by the round-trip time of the external cavity ( 100 ps), and only occur for short external cavities, i.e. τ D ω R 1.
DYNAMICAL TRAJECTORIES FOR DIFFERENT FEEDBACK LEVELS

FANO MIRROR Q-FACTOR DEPENDENCE AND DAMPING OF RELAXATION OSCILLATIONS
The complex reflectivity of the Fano mirror can be derived using coupled-mode theory [8] . In the simplest case, i.e. in the absence of a partially transmitting element, this yields a Lorentzian reflection profile [3] r 2 (ω, ω c ) = iγ c i(ω c − ω) + γ T (12) This shows directly how the mirror linewidth scales inversely with the Q-factor of the nanocavity, since γ T = ω c /(2Q T ). damped by the Fano mirror. The damping itself scales with the relaxation oscillation frequency, so that the reduction of this frequency by the energy storage in the nanocavity in turn decreases the damping, leading to a small change in the damping rate with Q-factor. This can be seen in figure 4 of the main text, and confirms that the additional damping of the mirror is not nearly sufficient to explain the observed increase in the critical feedback level with Q-factor.
